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MASAKI TSUKAMOTO 

Abstract. We propose a new approach to the value distribution theory of entire holo- 
morphic curves. We define a packing density of an entire holomorphic curve, and show 
that it has various non-trivial properties. We prove a gap theorem for holomorphic maps 
from elliptic curves to the complex projective space, and study the relation between theta 
functions and our packing problem. Applying the Nevanlinna theory, we investigate the 
packing densities of entire holomorphic curves in the complement of hyperplanes. 

1. Main results 

1.1. Introduction. Since R. Nevanlinna discovered his celebrated theory on meromor- 
phic functions [N], thousands of researchers have studied the value distribution theory of 
meromorphic functions and, more generally, entire holomorphic curves in complex mani- 
folds. 

This paper is a new approach to the value distribution theory. We define and study a 
packing problem for entire holomorphic curves. 

Packing is usually a notion in discrete geometry. For example, the Kepler conjecture on 
the sphere packing in the three dimensional Euclidean space is very famous. In this paper 
we define a packing density of an entire holomorphic curve and investigate its behavior. 
(To be precise, we consider only entire holomorphic curves with bounded derivative.) In 
particular, we study entire holomorphic curves in the complex projective space and prove 
that their packing densities have a non-trivial upper bound. 

It is well-known that lattices in the Euclidean space play an important role in the 
sphere packing problem [CS]. They give the systematic way to pack spheres, and such 
lattice packings sometimes become very efficient configuration. In a similar way, holo- 
morphic maps from elliptic curves play an important role in the packing problem for 
entire holomorphic curves. They sometimes produce good lower bounds for the packing 
problem. We apply these lower bounds to the projective embeddings of elliptic curves 
by means of theta functions, and show that they asymptotically give the best packing. 
In addition, as a different application of the lower bounds, we can prove a certain gap 
theorem for holomorphic maps from elliptic curves to the complex projective space. 
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In the final section of the paper, we study the relation between the packing problem 
and the usual value distribution theory. As is well-known, if a meromorphic function in 
the complex plane omits more than two values, it reduces to a constant function (Picard's 
theorem). In this paper, we investigate meromorphic functions which omit exactly two 
values, and show that their behavior in the packing problem is quite different from that 
of general meromorphic functions. We also prove a more general result on the packing 
densities of entire holomorphic curves in the complement of hyperplanes in the complex 
projective space. 

1.2. Packing density and holomorphic capacity. To begin with, we fix conventions 
on Hermitian manifolds. The basic reference is [KN]. Let X be a complex manifold and 
g be a Hermitian metric on X, i.e., g is a Riemannian metric on X compatible with the 
complex structure J: 

g(Ju, Jv) = g(u, v) for any vector fields u and v. 

We extend g to a complex symmetric bilinear form on T C X := TX <S>rC, and also denote 
it by g. From g, we can define the Hermitian inner product (•, •) and the norm | • | on 
T C X by 

(u, v) := g(u, v), \u\ := \J (u, u), for all u, v G T(T C X). 

Here v is the complex conjugate of v. 
The fundamental 2-form u is defined by 

lu(u, v) := g(Ju,v) for all m,d6 T(T c X). 

(This is different from the convention in [KN].) 

In terms of a local coordinate system (zi, Z2, ■ ■ ■ , z n ) on X, {n := dinicX), the funda- 
mental 2-form u is expressed by 

u = v 73 ! ^ gcjdzj A dzj (gij := (d/dz h d/dzj)). 

Let / : C — ► X be a holomorphic curve, i.e., a holomorphic map from the complex 
plane C to X. Let z = x + y^/— 1 be the natural coordinate on the complex plane. We 
define a norm of the differential df : T C C — > T C X by setting 

(1) \df\(z):=V2\df(d/dz)\. 

Here d/dz = \ (d/dx — \/—ld/dy), and the factor \/2 in (JTJ) comes from \d/dz\ = l/y/2. 
(The complex plane is equipped with the usual Euclidean metric.) The norm \df\ satisfies 

(2) f*u = \df\ 2 ^^dz Adz = \df\ 2 dx Ady. 
Next we define the moduli space of holomorphic curves by 

(3) M(X,u) := {/ : C -> X\ f is holomorphic and \df\(z) < 1 for all z G C}. 



A PACKING PROBLEM FOR HOLOMORPHIC CURVES 3 
For a holomorphic curve / G AA(X,u), we define the packing density p(f) by setting 

( 4 ) P(f) '■= limsup — j— / f*u = limsup— j— / \df\ 2 dxdy. 

R^oo J\z\<R R-^oo J\z\<R 

This satisfies 

< P (f) < 1. 

The integration of /*u; is the energy functional. Hence if p(f) is close to 1, the energy of 
/ is densely packed in the complex plane. In other words, p(f) evaluates the efficiency 
of the energy distribution of a holomorphic curve /. This is the reason why we call p(f) 
"packing density". 

Using the packing density p(f), we define the holomorphic capacity p(X,u) by setting 

(5) p(X,uj):= sup p(f). 

feM(x,uj) 

This satisfies the following. 

< p{X,uj) < 1. 

Then we can define a packing problem. The packing problem for holomorphic curves is 
the problem of determining, or estimating, the value of the holomorphic capacity p(X, u). 
We will often abbreviate M.{X,uj) and p(X,u) to A4(X) and p(X) when it causes no 
confusion. 

Example 1.1. Let (zi, Z2, ■ • • , z n ) be the natural coordinate system on C n . The Eu- 
clidean metric and its fundamental 2-form on C n are expressed by 

n \J — 1 n 

ds 2 = dzidzi, to = — - — dzi A dz,{. 

i=l i=l 

Let / : C — > C n be the natural inclusion: f(z) := {z, 0, 0, • • • ,0). It is obvious that 
\df\ = 1. Hence / G M{C n ,u) and p(f) = 1. Therefore 

p(C» = l. 

In the same manner, if X is a complex torus with the Euclidean metric induced by the 
universal covering, we have 

p(X) = 1. 

Example 1.2. Let A = {,2GC||,2|<l}be the unit disk and g be an arbitrary Her- 
mitian metric on A. All holomorphic maps from C to A are constant maps by Liouville's 
theorem. Therefore we have 

p(A,w)=0. 

In the same manner, if X is a compact Riemann surface with a genus > 2, we have 
p(X,u) = for any Hermitian metric on X. 
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u FS := -—^dd log ( 1 + ^ 



The above two examples are trivial extremal cases. Our main concern is the case of 
the complex projective space CP™ with the Fubini-Study metric, (n > 1). To state the 
results clearly, we explicitly define the Fubini-Study metric as follows. 

Let [zq : z\ : ■ ■ ■ : z n ] be the homogeneous coordinate in CP n and set 

U :={[l:z 1 :z 2 :---:z n ]e CP n \ {z x , z 2 , • • • , z n ) G C n }. 
We define the Fubini-Study metric form u F s on Uq by 

- z, 2 

(6) 

i<«,i<« J V fe=i / 
It is standard that this 2-form cj^^ smoothly extends over CP n and define the Fubini- 
Study metric. This is normalized so that 

(7) f u FS =l for CP 1 := { [z : z x : : • • • : 0] G CP n } . 
The first result is the following. 

Theorem 1.3. 

< p(CP n ,u FS ) < 1. 

This result means that the holomorphic capacity is a non-trivial object. We will usually 
abbreviate p{CP n ,u FS ) to p(CP n ). 

Theorem 11.31 does not give an effective upper bound for p(CP n ). We investigate the 
explicit estimate for p(CP x ) in the next theorem. 

Theorem 1.4. 

p(CP 1 ) < 1 - 1(T 100 . 

The above value, 1 — 1CT 100 , itself has no importance. The important point is that it 
is an explicit number. 

Next we study behavior of p(CP n ) as n goes to infinity. The natural inclusion CP n = 
{ [zq : z\ : • ■ • : z n : 0] G CP n+1 } "—>■ CP n+1 is a holomorphic isometric imbedding. Hence 
we can consider 

MiCP 1 ) c M(CP 2 ) c M(CP 3 ) c • ■ • c M(£P n ) c M(£P n+l ) c • • • . 
It results that 

(8) < p(€P l ) < p(CP 2 ) < p(CP 3 ) < • < p(CP n ) < p(CP n+1 ) < • • ■ < 1. 
The following theorem determines the limit of this sequence. 
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Theorem 1.5. 

lim p(CP n ) = 1. 

n^oo 

We will prove this theorem by using theta functions. 

1.3. Application to holomorphic maps from elliptic curves. As an application 
of holomorphic capacity, we will prove a "gap theorem" for elliptic functions and, more 
generally, holomorphic maps from elliptic curves to CP n . 

Let C/A be a elliptic curve. Here A is a lattice in C with rank A = 2. We give C/A 
the Euclidean metric induced by the universal covering C. Let / : C/A — ► CP™ be a 
holomorphic map. (Here we don't consider any restriction on the norm \df\.) We define 
the degree of /, deg (/), by setting 

(9) deg(/):= / fu FS = [ \df\ 2 dxdy. 

JC/A JC/A 

From the normalization of the Fubini-Study metric in (J7J), deg (/) is a non- negative integer 
and a homological invariant. From (jHJ), we get the trivial estimate: 

do) IM/|L> deg(/) 



vol (C/A) ' 

Here |d/'|| D0 := su P^ec/A \df\(z), and vol (C/A) is the volume of C/A defined by the Eu- 
clidean metric. 

The following result shows that this is not a best estimate. 

Theorem 1.6. For any holomorphic map f : C/A — > CP™, we have 

2 > 1 deg (/) 

oo 



p(CP n ) vol (C/A) ' 
From Theorem 11.31 

1 >i. 



p(CP r > 

Hence there exists a certain gap between the trivial estimate (|1U|) and Theorem 11.61 The 
point is that l/p(CP") is the universal constant which does not depend on any lattice A 
nor any holomorphic map /. 

1.4. Holomorphic capacity of the complement of hyperplanes. For a meromorphic 
function f(z) in the complex plane, a point w G CP 1 is called a lacunary value if f(z) ^ w 
for all z. The famous Picard's theorem states that a non-constant meromorphic function 
in the complex plane has at most two lacunary values. Hence "2" is the critical value 
of the number of lacunary values. We study the holomorphic capacity of this borderline 
case: 
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Theorem 1.7. Let w% and w 2 be two distinct points in CP 1 . Then 

p(CP 1 \{w 1 ,w 2 }, u FS )=0. 
Here we use the Fubini-Study metric restricted to CP 1 \ {^1,^2} the metric on it. 

This result can be generalized to the higher dimensional complex projective space as 
follows. First we fix the notion of "linearly independence" of hyperplanes in the complex 
projective space. 

Let H Q , Hi, ■ ■ ■ , H n be the n + 1 hyperplanes in CP™ defined by 

n 

(11) Hi : ^a ijZj = 0, (0 < % < n). 

j=0 

Here [zq : Zi : • • • : z n ] is the homogeneous coordinate in CP™. Let A := (aij)o<ij< n be 
the coefficients matrix. H , Hi, ■ ■ ■ H n are said to be linearly independent if A is a regular 
matrix. 

Theorem 1.8. Let H , Hi, ■ ■ ■ , H n be n + 1 linearly independent hyperplanes in CP n . 
Then 

p(CP™ \ (H U Hi U • • • U H n ), u FS ) = 0. 

Here we use the Fubini-Study metric restricted to CP n \ (H Q U Hi U • • • U H n ) as the metric 
on it. 

This theorem makes a sharp contrast with Theorem II .HI and Theorem 11.51 

Remark 1.9. The moduli space A^(CP™ \ (H U Hi U ■ • • U H n ), u FS ) has non-constant 
holomorphic curves. For example, exp : C — > CP 1 \ {0, 00} satisfies 

1 e x 

\dexp\(z) = n < 1, (x = Rez). 

Hence it is an element of A^CP 1 \ {0, 00}, ujfs)- 

1.5. Organization of the paper. In Section 2, we develop general theory of holomorphic 
capacity and prove Theorem 11.61 We show Theorem 11.31 in Section 3 by applying the 
results of Section 2. We prove Theorem II .51 in Section 4 by using theta functions and the 
result of Section 2. We prove Theorem II .41 in Section 5. Theorem 11.71 is a special case of 
Theorem II. 8| and we prove it in Section 6 by using the Nevanlinna theory. 

Section 5 is independent of Section 3 and 4. Section 6 is logically independent of all 
other sections. (But its meaning in the packing problem is underpinned by other results.) 

2. General Theory 

In this section we study general properties of holomorphic capacity. We discuss its 
scaling invariance in Section 2.1. We study upper bounds for holomorphic capacity in 
Section 2.2, and we study lower bounds in Section 2.3. In this section X is a complex 
manifold with a Hermitian metric g and its fundamental 2-form u. 
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2.1. Scaling invariance. Let / : C —>■ X be a holomorphic map. Suppose that there 
exists a positive number m ^ oo such that 

(12) \df\(z)<m for all z e C. 

We define the holomorphic map / : C — > X by setting f(z) := f(z/m). Then 

(13) |d/|(*) = -|4fl(*/"0<l- 

m 

Hence f e M{X,u). 
Lemma 2.1. 

limsup / \df\ 2 dxdy = p(f). 

R^oo m 2 nR 2 J\ Z \< R 

Proof. From (JT31) 

-5!= / |rf/| 2 (z) ^dz Adz=-^ [ W\ 2 (mz) ^dz A dz. 
m z nK z J\ Z \< R 2 tcK z J\ Z \< R 2 

Introducing the new variables w := mz and r := mi?, we get 



1 1 f v— 1 

M/l^- 2 ) ^ /\dz = — - / M/| 2 (w) -——dw A efcu. 



^tt^ 2 7| 2 |<i? 2 " vrr 2 j H < r 

Hence we get the conclusion. 

limsup — 5 — —7 / \df\ 2 (z) dz A dz = lim sup — = / |d/| 2 (w) dwAdw, 

r^oo m 2 nR 2 J\ Z \< R ' 2 r ^oo vrr 2 ,/ H < r 2 

= P(/). 

□ 

The following result states that holomorphic capacity is invariant under a scale change 
of a Hermitian metric. 

Proposition 2.2. For any positive number c, we have 

p(X, cu) = p(X, u). 

p(X, cu) is the holomorphic capacity defined by using eg as the metric on X . 

Proof. Set 

\u\' := y/c \u\ for all u G T(T C X). 

This is the norm induced by eg. Let / be an element of Ai(X, cu). Then \df\' < 1. 
Set f(z) := f(y/cz), then 



\df\(z) = V~c\df\(V~cz) = \df\'(V~cz) < 1. 
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This means that / is an element of Ai(X, u). Hence there exists the following one-to-one 
correspondence: 

M(X,cu)3f(z) — f{z) = f{yfcz)eM{X,u). 
From Lemma 12.11 with m = 1/ ^/c, 

limsup — — - / \df\ >2 dxdy = limsup — — - / \df\ 2 dxdy. 

R^oo TtR J\z\<R R->oo TTi? J\z\<R 

It follows that p(X, ecu) = p(X, uj). □ 

2.2. Upper bounds for holomorphic capacity. In this section we study upper bounds 
for holomorphic capacity. First we will introduce a key notion. For a positive number r, 
let A(r) be the open disk of radius r centered at the origin in the complex plane: 

A(r) := {z G C| \z\< r}. 

We use the natural Euclidean metric as the metric on A(r). 

Definition 2.3. 1 A Hermitian manifold X is r-WFL (without flat lines) if there is 
no holomorphic isometric immersion from A(r) to X. X is WFL if X is r-WFL for all 
positive numbers r. 

Here, a holomorphic isometric immersion from A(r) to X is a holomorphic map / : 
A(r) -> X with |df|(z) = 1 for all z G A(r). 

Example 2.4. The complex projective line CP 1 is WFL. 

Proof. Suppose that there exists a holomorphic isometric immersion from A(r) to 
CP 1 for some positive number r. Since dimcA(r) = dimcCP 1 , this means that A(r) is 
locally isometric to CP 1 . Because A(r) is flat and CP 1 has a positive constant curvature, 
it is impossible. □ 

In Section 3 we prove that all CP n are also WFL. 
The following is the main result of this section. 

Theorem 2.5. Let X be a compact Hermitian manifold and suppose X is r-WFL for 
some positive number r. Then 

p{X) < 1. 

Before proving the theorem, we need a preliminary result. To begin with, note that 
we can suppose X is 1/2- WFL without loss of generality by using a scale change and 
Proposition 12.21 if X is r-WFL for a positive number r. (This is just for simplicity.) 

The key proposition is the following. 



lr rhe word "WFL" is inspired by the word "WFF" in [DK, Definition (3.2.2)]. 
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Proposition 2.6. Let X be a 1/2-WFL compact Hermitian manifold and K be a unit 
square in the complex plane C. Then, there exists a constant c(K) ^ 1 such that 

I \df\ 2 dxdy < c(K) for all f e M(X). 

J K 

Proof. Since vo\(K) = 1 and \df\ < 1, it is trivial that /„ \df\ 2 dxdy < 1. Hence the 
proposition states that this trivial estimate can be improved. 
First, note that a unit square contains a open disk of radius 1/2. 
Suppose the proposition is false. Then we have a sequence {f n }n>i hi M.(X) such that 

(14) / \df n \ 2 dxdy^ 1, (n->oo). 

Jk 

Because \df n \ < 1 and X is compact, we can apply Arzela-Ascoli's theorem, and get a 
continuous map / : C — > X such that an appropriate subsequence of {f n }n>i converges 
to / in the sense of compact uniform convergence. Since each /„ is holomorphic, / is a 
holomorphic map and, if we take a subsequence, 

\df n \ -> W\, (n -> oo), 
in the compact uniform topology. From \df n \ < 1, we get \df\ < 1. From the assumption 

dH, 

/ \df\ 2 dxdy = 1. 
Jk 

Since \df\ < 1, this means 

\df\(z) = l for all zG if. 

Then / is a holomorphic isometric immersion from K to X. This contradicts the assump- 
tion that X is 1/2-WFL. □ 

The above proposition states that there exists a constant c(K) ^ 1 satisfying the 
statement for each unit square K. Since we have the Euclidean symmetry, we can adjust 
c(K) so that 

c(K) = c(K') for all unit squares K and K' . 
Hence we can define a universal constant c ^ 1 by setting 

c := c(K) for all unit squares K. 

Then we can prove Theorem 12.51 

Proof of Theorem 12 .51 As it is noted first, we can suppose that X is 1/2-WFL 
by using a scale change. We have a constant c ^ 1 which satisfies the statement of 
Proposition 12.61 for all unit squares. 

Let / be an element of A4(X) and R be a positive number greater than We prove 
p{f) < c by packing unit squares in the disk A(R) = {z G C| \z\ < R}. (Here we promise 
that unit squares are closed.) 
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Since the diameter of a unit square is \^2, we have the following fact: If a unit square 
K has a intersection with the disk A(R — y/2), K is contained in A{R). Hence if we 
consider a tiling of the complex plane by unit squares, the disk A(R — a/2) is covered by 
unit squares contained in A(R). In other words, we have the following situation: 

There are unit squares K\, K%, . . . , contained in A(R) such that 



when i j, K~i and Kj have common points at most on their boundaries, 

N 

A(R-V2) C [jx, C A(R). 



i=l 



N = vol(lji^i) satisfies 
Therefore 



tt(R - a/2) 2 <N<ttR 2 



\df\ 2 dxdy = y / \df\ 2 dxdy + / \df \ 2 dxdy, 

i=1 JKi JA(R)\UKi 



A(R) 

< N-c+ (ttR 2 -N), 

< ttR 2 ■ c + {irR 2 - tt(R - a/2) 2 }. 

Here we used Proposition 12.61 and \df\ < 1. Dividing the above by ttR 2 , we have 



[ \df\ 2 dxdy<c+{l-(l-y^) 2 }. 

TtR Ja(R) R 

Taking the superior limit, we get 

p(f) = limsup — j-^ / \df \ 2 dxdy < c < 1. 

Thus 

p(X)<c<l. 

□ 

Remark 2.7. The above argument does not give an effective estimate of the constant 
c. Hence we need another method if we want an explicit upper bound for p(X). This is 
the theme of Section 5, and we prove Theorem 11.41 there. 

2.3. Lower bounds for holomorphic capacity. Next we will establish lower bounds 
for holomorphic capacity by using holomorphic maps from elliptic curves to X. 

Let C/A be a elliptic curve. Here A is a lattice in the complex plane C with rank A = 2. 
The elliptic curve C/A has the Euclidean metric induced by the universal covering C. 

For a holomorphic map / : C/A — > X, we define its energy E(f) by setting 

(15) E(f):= [ fu= [ \df\ 2 dxdy. 

JC/A JC/A 
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When (X, u) = (CP n , u FS ), this is the degree of / defined in ©. Let / : C -> X be the 
lift of / and set m := sup 2gC y A \df\(z). 



Proposition 2.8. 



lim 



| df | 2 dxdy 



E(f) 



vol(C/A)' 



Proof. Let cji, u;2 be a basis of A: A = Zo>i © Zu;2- Let L be a period parallelogram of 
A, i.e., L = {zQ + suJi+tuj 2 E C| < s,t < 1} for some ^ e C. We have vol(L) = vol(C/A) 
and 

Jw\ 2 dxdy = E{f). 

We will use an argument similar to the proof of Theorem 12.51 We prove the statement by 
packing period parallelograms in the disk A(R) = {z G C| \z\ < R}. 

Let / be the diameter of a period parallelogram. Then, if a period parallelogram L 
intersects with the disk A(R — I), L is contained in A(R), (R> I). Hence if we consider 
a tiling of the complex plane by period parallelograms, the disk A(R — I) is covered by 
period parallelograms contained in A(R). 

In other words, there are period parallelograms L 1; L 2 , . . . , L N contained in A(R) such 
that 

when i ^ j, Li and Lj have common points at most on their boundaries, 

N 



A(R-l) c (J ^ C A(R). 



i=l 

Then, volfljii) = N ■ vol(C/A) satisfies 

(16) tt(R - I) 2 < vol((J Li) < ttR 2 . 

We have 

1 



nR 2 



[ \df\ 2 dxdy = — |— V] / \df\ 2 dxdy + [ \df\ 2 dxdy 

Ja(R) nR 2 J L . TlR 2 JAiR^VLi 

2 



N 



E(f) 



7CR 2 



\df\ dxdy. 



Hence 
1 



7T 



R 2 



E(f) 

\df\ 2 dxdy 

A(H) vol(C/A) 



< 



vol(ULi 



irR 2 

E{f) 
vol(C/A) 



- 1 



A(R)\UL t 

E(f) 



m 



+ m' 



vol(C/A) vri? 2 
vol(ULi 



+ —r IttR — vol(ULj) 



1 



7T 



P 2 



Here m = \\df [ . From the estimate of vol(|J Lj) in (J16)) . we have 



vol(ULj 
vri? 2 



<1-(1- 



R' 



0, (i2->oo). 
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Thus 



lim / \df\ 2 dxdy 



E(f) 



R—>co TcR? J \z\<R ' VOl(C/A) 

□ 

Then we can prove the main result of this section. 

Theorem 2.9. If there exists a non-constant holomorphic map f : C/A — > X, we have 
the following estimate. 

p(x) > . 

||d/£vol(C/A) 

In particular, 

p{X) > 0. 

Proof. Note that m = jdfl^ and E(f) are positive because / is a non-constant map. 
From Lemma \2. II and Proposition 12.81 

< 3^ = lim } - [ \df\ 2 dxdy < p(X). 

□ 

As a corollary of Theorem 12.91 we get Theorem 11.61 

Proof of Theorem II Ml If / : C/A — > CP™ is a constant map, the statement is 
trivial. When / is a non-constant map, it follows from Theorem 12.91 (Here we have 
E(f) = deg(/).) □ 

3. Proof of Theorem 11.31 

We give the proof of Theorem 11.31 in this section. Most of the proof have already been 
done in Section 2. The last piece which we need is the following. 

Proposition 3.1. The complex projective space CP™ is WFL. 

This proposition follows from a general result of E. Calabi concerning isometric imbed- 
dings of complex manifolds [C, Theorem 8]. Here we will give a direct proof. 
First, we recall the following easy fact: 

Lemma 3.2. Let f(z\, z?) be a holomorphic function in two variables defined on a con- 
nected open neighborhood of the origin in C 2 . Set g(z) := f(z,z). g(z) is defined on a 
neighborhood of the origin in C. Then, if g(z) = 0, we have f{z\,Z2) = 0. 

Proof. Differentiating the equation g(z) = f(z,z), we have 

9 , s 1 ( d ^—d\,, df u _ s 



A PACKING PROBLEM FOR HOLOMORPHIC CURVES 13 

More generally we have 

Qn+m gn+m j 

d( z ) = — o — ( z 5 z ) f° r & U n,m > 0. 



dz n dz m ' dz\dz™ 

Hence, if g(z) = 0, all partial derivatives of / at (zi, z 2 ) = (0, 0) are zero. This means 
that f(z 1 ,z 2 ) = 0. □ 

Proof of Proposition IH.lt Suppose that there exists a holomorphic isometric im- 
mersion / : A(r) — > CP n for some positive number r. Because the complex projective 
space CP™ is a homogeneous space, we can suppose that /(0) = [1 : : • ■ ■ : 0] without 
loss of generality. Then we can express / in some neighborhood of the origin by 

f(z) = [l:f l (z):f 2 (z):---:f n (z)]. 

Here fi(z) is a holomorphic function such that /j(0) = 0, (1 < i < n). 

The following argument is purely local. Hence we promise that all functions are defined 
on some neighborhood of the origin in the complex plane C. 

From the definition of the Fubini-Study metric (|5|). we have 

k//f(:): -Alogll + > lf,(:)r). ^:.~+ ^ 



^Alogfl + ^|/^)| 2 V (A 



dx 2 dy 2 

Since / is a holomorphic isometric immersion, \df\ 2 = 1. On the other hand, we have 

— AMzl 2 ) = 1. 

Hence 

,x 7tU| 2 1> = 0. 



A{b g (i+x;i/^)r 

Because a harmonic function is locally the real part of a holomorphic function, we have a 
holomorphic function g(z) such that g(0) = and 

log (i + l/^)l 2 ) = A z \ 2 + g(z) + W)- 



Introducing the new holomorphic functions fi{z) := fi(z) and g(z) := g(z), we can express 
the above equation by 

log (l + fi( z )fi(z)) = vzz + g(z) + g(z). 
Applying Lemma EOl to this, we get 

log f 1 + X] fi( z i)fi( z 2)) = kz 1 z 2 + g{zi) + g(z 2 ). 

Substituting z 2 = 0, we get g(z\) = because fi(0) = g(0) = 0. Thus the above equation 
becomes 

log fl + X fi(zi)fi(z 2 ) \ = KZ X Z 2 . 
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Hence we have 

n 

1 + 5^ fi{zi)fi{z 2 ) = exp(vT2iz 2 )- 

i=l 

Applying d a+l3 /dzf dz^ at (zi,z 2 ) = (0,0), we get 

n 

E^W/^CO) = ifalSap for a,/9 > 1. 
»=i 

Here (0) is the a-th derivative of /$ at the origin and 5 a p is the Kronecker delta. This 
means that an infinite number of non-zero vectors (/f (0), /^(O), • • • , f%*\0)) in C n , 
(a > 1), are orthogonal to each other. It is impossible. 2 □ 

Proof of Theorem 11.31 The complex projective space CP" satisfies all the condi- 
tions required in Theorem 12.51 Hence we get 

p(CP n ) < 1. 

Next we prove the lower bound. There are non-constant elliptic functions, for example, 
Weierstrass' elliptic function p{z). Then we can apply Theorem 12.91 and we get 

p{CP l ) > 0. 

Since the natural inclusion CP 1 ■=— > CP™ is a holomorphic isometric imbedding, we con- 
clude that 

p(CP n ) > p(CP 1 ) > 0. 

□ 

4. Holomorphic capacity and theta functions 

We prove Theorem 11.51 in this section. The proof is based on the lower bound given in 
Theorem 12.91 To apply it, we need appropriate holomorphic maps from elliptic curves to 
the complex projective spaces CP n . The classical theory of theta functions gives a good 
answer. 

The basic reference on theta functions is [M]. Actually, we will use only very basic facts 
on theta functions. All we need are given in Chapter 1, §1, §3 and §4 in [M]. 

Let t = s + t\f—l be an element of the upper half plane, (t = Imr > 0). We define 
the theta function 6(z) by setting 

9(z) := exp(7ry / — ln 2 T + 2n\ / —lnz) for z G C. 

Here we consider that r is fixed, and we drop the dependence on r in this notation for 
simplicity. 

2 This argument is essentially equivalent to the notion of "resolvability of rank n" in [C] . 
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We define the theta function 9 a fi{z) with characteristics a, b G K by setting 

9 a ,b(z) := exp(ir\^la 2 T + 2-n\f^\a{z + b))9(z + ar + b). 

We can construct projective imbeddings of elliptic curves by means of these 9 a ^{z). These 
projective imbeddings give good lower bounds for our problem. We follow the arguments 
in [M, Chapter 1, §4]. 

We define a lattice A in C by setting A := Z © Zr. For any integer / > 2, we set 

(yZ) 2 n [0, l) 2 = {(o , bo), (oi, 60, • • • , (a Z 2_ 1; &, a _0}, 

0iCz) := 00^(3), (0<2</ 2 -l), 
^ : C/IA - CP' 2 " 1 , [z] ^ [9 (z) : ^(s) : • • • : 0p_i(z)]. 

The following fact is proved in [M, Chapter 1, §4]. (The statement on the degree of tpi 
follows from Lemma 4.1 there.) 

Fact 4.1. ipi is a well-defined holomorphic imbedding and deg(ipi) = I 2 . 

Since vol(C//A) = tl 2 , (t = Imr), Theorem 12.91 for ipi gives the following lower bound: 

(17) p{CP 1 ' 2 - 1 ) > ' 



Therefore we need the estimate of . The following lemma is the basis of our 

argument. 

Lemma 4.2. 

_ '27T^ 



Hence we have 



J \9 a)b (z)\ 2 dadb = \/^ ex V (~J- 



-Alog / / \e^ b {z)\ 2 dadb=-. (A = — 



An Jo Jo ' * dx 2 dy 2 

Proof. The proof is just a calculation. 

|0a,&(z)| — exp(— Tia 2 t — 2iray)\9(z + ar + 6)|, 
9{z + ar + b) = 2^ exp(7ry / — ln 2 r + 2ix\l — ln{z + ar)) exp(27r\/— ln6). 

From Parseval's equality 

/ |0(z + ar + 6)| 2 d6 = V" | exp(7r\/-fn 2 r + 27r v /Z Tn(2; + ar))| 2 , 

= exp(— 2im 2 t — 4im(y + at)). 
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/ \9 a ,b( z )\ 2 db = exp(-27ra 2 t - Arcay) V" exp(-27rn 2 t - Aim(y + at)), 
= exp(— 2nt(a + n) 2 — Any(a + n)). 

n 

Thus we get 

da \O a ,b(z) \ 2 db = V" / exp(-27rt(a + n) 2 - Any (a + n)) da, 

/•n+1 

= / exp(— 27rta 2 — Aixya) da, 



/+oo 
■oo 



exp(— 27rta 2 — Anya) da, 



1 (2ny 



— exp 
2t V t 



We need one more lemma. 
Lemma 4.3. For a, 13 e Z, -we /iawe 

|d^|(z + ar + /3) = |d^lW- 
In other words, \dipi\(z) is invariant under the following I? -action on C/IA. 

Z 2 r>C/ZA, {{a,(3),z)^ z + ar + (3. 

Proof. 

9 af) {z + ar + (3) = exp(-7rv /Z Ta 2 r - 2n\^laz) exp(-2ir\/-[ab) 9 a + a ,b+p( 
Since a and (3 are integers, we have 

9 a+aM/3 (z) = exp(27rv /Z la/5) O)6 (z). 
Set a := exp(-27ra6i + 2-n^f^la^) G C/(l), (0 < % < I 2 - 1). Then 

9i(z + ar + f3) = exp(— ny/— la 2 r — 2ir\^laz) o L 9,i(z). 

It results that 

(pi(z + ar + (3) = [cq 9 (z) : c ± 9 x (z) : ■ ■ ■ : cp_i flp.^z)]. 
(This is the "equivariance" described in [M, Chapter 1, §4]. ) 
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Hence we get 

\d Vl \ 2 (z + ar + p) = ^-Alog^lc^)! 2 , 

i 
i 

= \d^\ 2 (z). 

Remark 4.4. Lemma f4. 31 is still true for a, /3 £ yZ, but we don't need it. 



□ 



The following proposition gives a sufficient estimate for the proof of Theorem II. 51 This 
is a special case of the results of G. Tian [T]. 



Proposition 4.5. 



Hence we have 



lim 

l— >oo 



lim \\d(fi 

l—*oo 



Proof. From the definition of the Fubini-Study metric 

Since [0, l) 2 = |_IJ a «' a « + V0 x [h, h + 1/1) is a division into small squares, the definition 
of the Riemann integral gives the following point-wise convergence. 



1 /-l 



JO 



h,b(z)\ dadb = \j — exp 



27TT 



for any z £ C. 



Actually we can say more. Set K := {x + yr £ C| < x, y < 1}. Since K is compact, it 
is easy to see that 

-1 /•! 



lim 

l— >oo 



Y)l 2 - 



JO 



\6a,b( z )\ 2 dadb 



for all k > 0. 



Here || • Ick^ is the C fc -norm for functions defined over K. Therefore we have 



lim 

l— >oo 



^A]og(£5>wr)-5 



47T 



1 /•! 



JO 



\0ab(z)\ 2 dadb 



0. 



C°(Jf) 



Hence 



lim 

l— >oo 



Idyl 



0. 



c°(a:) 



Here we consider K as a subspace of the elliptic curve C/ZA through the natural projection 
C -> C/ZA. 
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Since K is a fundamental domain for the Z 2 -symmetry described in Lemma f4. 31 we get 
the conclusion: 

\d^\ 2 -- =0. 



lim 

I— >oo 



J l\ 



C°(C//A) 

□ 



Proof of Theorem 11.51 From the inequality (fT7j) and Proposition 14.51 we nave 

liminfp(CP' 2 " 1 ) > lim — =- = 1. 



Hence lim^ 00 p(CP' l ) — 1. On the other hand, we have 

p(CP x ) < p(CP 2 ) < p(CP 3 ) < • • • < p(CP n ) < p(CP n+1 ) < ■ ■ • < 1. 

Thus 

lim p(CP") = 1. 

n— *oo 

□ 

5. Explicit upper bounds for p(CP x ) 

In this section we prove Theorem 11.41 which gives an explicit upper bound on the 
holomorphic capacity of the complex projective line. 

The complex projective line is the Riemann sphere: CP 1 = C U {oo}. Hence a holo- 
morphic map from C to CP 1 is a meromorphic function in the complex plane. 

To simplify the calculations, we will use the following rescaled Fubini-Study metric ds 2 
as the metric on CP 1 in this section. (A holomorphic capacity is invariant under a scale 
change of a metric, (Proposition I2.2J1 .) 

dwdw 



ds 2 



1 + kl 2 ) 2 ' 



the fundamental 2-form of ds 2 = — ; — (= nups)- (cf. ©•) 

2 (1 + \w\ 2 Y 

Here w is the natural coordinate on C of CP 1 = C U {oo}. 

Then, for a meromorphic function f(z) in the complex plane, the norm of the differential 
df is expressed by 

mz)= \m 

5.1. Preliminary estimates. In this section we prepare various estimates for the proof 
of Theorem 11.41 Here we do not pursue precise estimates. Actually we will use many 
loose estimates for simplicity of the calculations. Our purpose is to show the fact that we 
can get an explicit upper bound on a holomorphic capacity. 

First we compute the distance on CP 1 defined by the metric (|18|) . 
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Lemma 5.1. Let w be a point of CP 1 , then we have 

dcpi(0,w) = arctan|u>|. 

Here dcpi{-, •) is the distance on CP 1 defined by and arctan(-) is the branch of the 
inverse function o/tan(-) satisfying arctanO = 0. 

Proof. It is easy to see that c(t) :— wt, (0 < t < 1), is the minimum geodesic from 
to w. Hence we get 

f 1 \ c '(t)\ f 1 M 

d c MO,w) = J o ——dt = J o TTS¥ dt = atctanK 

□ 

We set r := \z\ for z in the complex plane and put 

s := 10- 100 and r := lO" 10 . 
Let f(z) be a meromorphic function in the complex plane which satisfies 

(19) \df\(z)= <1 for all z e C. 

In addition, we suppose that the following conditions are also satisfied: 

(20) /(0)=0 and 1 - e < \df |(0) < 1. 

The main purpose of this section is to get a good estimate of \df\ 2 (z) in the small disk 
r < r under the conditions (fT9"|) and (|20p. 

The following lemma is the basis of our argument. 

Lemma 5.2. 

\f(z)\ 2 < tan 2 r < r 2 + 2r 4 < 2r 2 , (r < r ). 

Let f(z) = a\Z + a 2 z 2 + a 3 z 3 + ■ ■ ■ be the Taylor expansion centered at the origin. Then 
we have 

1 - e < \ai\ < 1 and \a n \ < (4/tt)" < 2". 
Proof. Since \df\ < 1 and /(0) = 0, we have 

axctaa|/(z)| = dcpi(/(0),/(z))<r. 

Hence 

(21) |/(^)| <tanr, (r < vr/2). 
Here we have 

,2„ „• 4 



tan r = 2 = sin r H 2 < r + 2r < 2r , (r < ro). 



sin r 2 sin r 

2— = sin r H ^ 

1 — sin r 1 — sin r 

Hence we get the above first statement. (Of course, this is a very loose estimate.) 
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Next we will estimate the coefficients of the Taylor expansion. Since \df |(0) = |/'(0)| 
| ai|, we have 

l-s < |ai| < I. 

Using (J2T|) at r = 7r/4, we have 

\f{z)\ <1, (r = 7r/4). 

Thus we get 



2ttV=T 



/(*) 



| 2 |=tt/4 Z 



n+l 



dz 



< (4/vr) n < T. 



□ 



In the following estimates, we always assume r < Tq. The important term in the 
estimate of \df\ 2 is the second order term and the higher order terms will be loosely 
estimated. 

First we will estimate the denominator of \df\ 2 (z) = \f'(z)\ 2 /(I + \f(z)\ 2 ) 2 : 



Lemma 5.3. 



(1 + l/WI 2 ) 2 
Proof. Using Lemma l5.2[ if r < tq, we have 

1 



< l-2r 2 + 30r 3 + e, (r < r ). 



-1 2 | f ^|2 | 3|/(*)| 4 + 2|/(*)|« 

(l + \f(z)\ 2 ) 2 lJ{ n + (1 + l/WI 2 ) 2 ' 

< 1 -2|/(z)| 2 + 3-2 2 -r 4 + 2-2 3 -r 6 , 

= 1-2|/(^)| 2 + (3 -2 2 + 2 4 - r 2 )r\ 

< 1 - 2|/(z)| 2 + 13r 4 . 

The term —2 |/(-2)| 2 can be estimated as follows. 

1/(^)1 > \ a i z \ - \ a 2Z 2 + a 3 z 3 H |. 



And we have 



Hence 



a 2 z 2 + a 3 z 3 H I < 2 Z ■ r z + 2 A ■ + 



2 „2 i 3 „3 



4r z 



1 - 2r 



< 5r' 



\f(z)\ > |ai|r-5r 2 > (1 -e)r-5r 2 > 0. 



Then 



Thus 



|/(V)| 2 > (1 -efr 2 - 10(1 -e)r 3 + 25r 4 > (1 - 2e)r 2 - 10r 3 . 



-2|/(z)| 2 < -2(1 -2e)r 2 + 20r\ 
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Hence we get the conclusion: 

1 



< 1 - 2 (1 - 2 e) r 2 + 20 r 3 + 13 r 4 



(1 + l/WI 2 ) 2 

= 1 -2r 2 + (20 + 13r)r 3 + 4er 2 

< 1 - 2r 2 + 30r 3 + e. 

□ 

Next we will estimate the numerator \f'(z)\ 2 . This case is more complicated and we 
need some preparations. 

Lemma 5.4. 

2 \a 2 \ < 30^- 

Proof. 

f'(z) = a± + 2a 2 z + 3a 3 z 2 + 4a 4 z 3 H . 

Using \df\ < 1, if r < r , we have 

\f'(z)\ <l + |/(z)| 2 <l + 2r 2 . 

Hence 

|a! + 2a 2 -2| < l + 2r 2 + |3a 3 z 2 + 4a 4 ^ 3 + 5a 5 ^ 4 H |, 

< 1 + 2r 2 + (3 • 2 3 • r 2 + 4 • 2 4 • r 3 + 5 • 2 5 • r 4 + • • • ), 



l + 2r 2 + 



24 r 2 _32r 3 



< 1 + r 2 2 + 



(l-2r) 2 ' 
24 



(1 -2rf 



2 y ' 



< 1 + 27r 2 . 



Let 6 n G M/27rZ be the argument of a n : a n = \a n \e^~^- en . If a n = 0, we promise 6 n := 0. 
Putting z = y^s e^~~^ ( - 01 ~ 62 " > in the above, we get 



Since |ai| > 1 — e, 



|ai| + 2|a 2 | v^< l + 27e. 



2 a 2 < ^— < 30^- 



□ 

Set E (r ) : = 4 | a 4 1 r 3 + 5 | a 5 1 r 4 + 6 | a 6 1 r 5 + • • • . ( "E" is the initial letter of "error term" . ) 
Lemma 5.5. 

E(r) < 65 r 3 < lO" 20 , (r < r ). 
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Proof. Using Lemma f5. 21 if r < r , we have 

E(r) < 4 • 2 4 • r 3 + 5 • 2 5 • r 4 + 6 • 2 6 • r 5 + • • • , 

64r 3 -96r 4 64 r 3 „ 
— < < f\^r 

(l-2r) 2 " (1 -2r) 2 " ' 
Since r = 10~ 10 , we have 65 r 3 < 10~ 20 . □ 

Lemma 5.6. Set 5 :— 1(T 5 . We have 

3\a 3 \r 2 <r 2 + 100r 3 + 5^/e, (r < r ). 

Proof. From Lemma 15. 2\ 

\ai + 2a 2 z + 3a 3 z 2 + Aa 4 z 3 + ■ ■ ■ \ = \f'(z)\ < 1 + \f(z)\ 2 < l + r 2 + 2r 4 . 

Using Lemma [5.41 and Lemma [5.5^ we have 

|ai + 3a 3 z 2 \ < 1 + r 2 + 2r 4 + \2a 2 z + 4a A z 3 + 5a 5 z 4 H |, 

< 1 + r 2 + 2 r 4 + 30^ r + E(r), 

< 1 + r 2 + (2 r + 65) r 3 + 30^, 

< l + r 2 + 100r 3 + 30 v / £r. 

Let # n be the argument of a n as in the proof of Lemma (5.41 Putting z = r e~ 
in the above, we get 

|oi| +3 \a 3 \r 2 < 1 + r 2 + 100r 3 + 30Vir. 
Since |ai| > 1 — s, we have 

3 |a 3 | r 2 < e + r 2 + 100r 3 + 30 v / ir < r 2 + 100r 3 + 5^/e. 



-(0i-e 3 ) 



□ 



Set 

cos + x := max (0, cosx) for all x & R. 

Lemma 5.7. 

\f\z)\ 2 < 1 + 2r 2 cos + (2 0-0i + # 3 ) + 500r 3 + -^i, (r < r ). 

i/ere # £/ie argument of z and 9 n is the argument of a n . 

Proof. Since f'(z) = a\ + 2a 2 z + 3a 3 ,2 2 + • • • , we have 

\f{z) | < |ai + 3a 3 z 2 | + |2a 2 ^| + |4a 4 z 3 + 5a 5 2 4 + 6a 6 z 5 H |, 

< \a 1 + 3a 3 z 2 \ + 30 Ver + E(r). 

Hence 

|/'(z)| 2 <|a 1 + 3a 3 2 2 | 2 + E(r) 2 + 2|a 1 + 3a 3 2 2 | -E(r) 

+ 900er 2 + 2 |a a + 3a 3 z 2 | • 3(H/er + 60^ • £(r). 
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Since 2 \ ai + 3a 3 z 2 \ < 2\ ai \ +6\a 3 \ r 2 < 2 + 6 • 2 3 • r 2 < 3, 

900£r 2 + 2|ai + 3a 3 z 2 | ■ 3Qy/er + ■ E{r) < (900 y/er 2 + 90 r + 60 r E{r))y/e, 

< 5y/i, (5 = 10- 5 ). 

Here we used r < r = 10~ 10 and Lemma [5.51 E(r) < 10~ 20 . 
Thus we get 

\f'(z)\ 2 < \a 1 + 3a 3 z 2 \ 2 + E(r) 2 + 3E(r) + 5y/E, 
< \a x + 3 a 3 z 2 \ 2 + 4 E(r) + 5 y/e. 

Using Lemma [5.61 we have 

\a 1 + 3a 3 z 2 \ 2 = |ai| 2 + 2 • 3 • \ax\ ■ |a 3 | • r 2 cos(2# - Q x + 3 ) + 9 \a 3 \ 2 r\ 

< 1 + 2-3 |a 3 | r 2 cos + (20 - ^ + 6 3 ) + 9 • 2 6 r 4 , 

< 1 + 2 (r 2 + 100 r 3 + 5 y/e) cos+(20 - ^ + 3 ) + 576 r 4 , 

< 1 + 2 r 2 cos+ (26 - X + 9 3 ) + 200r 3 + 25 ■ y/e + r 3 , 
= 1 + 2 r 2 cos+(20 - 6t + 9 3 ) + 201 r 3 + 25 ■ y/e. 



Thus 



\f(z)\ 2 < 1 + 2 r 2 cos+(20 - 9 X + 3 ) + (201 r 3 + 4 £(r)) + 35 ■ y/e, 
< 1 + 2 r 2 cos+(20 - 9 X + 3 ) + 500 r 3 + - v/i. 



Then we can estimate |d/ \ 2 (z) in the small disk r < r$. 

Proposition 5.8. 

W\ 2 (z) < 1 - 2r 2 (1 - cos + (20 -9 X + 9 3 )) + 600 r 3 + y/e, (r < r ). 

Proof. To simplify the descriptions, we set 09 := 29 — 9 X + 3 . 
From Lemma f5. 7| 

= l^^l 2 < 1 + COS+ V + 500 r " + \J~ E 



(i + l/WI 2 ) 2 " (i + !/(*)! 



2\2 



From Lemma f5.3| 

1 + 2 r 2 cos + 09 



1 + 2 r 2 cos + 09 □ 1 _ 



<(l + 2r 2 cos + o9)(l-2r 2 + 30r 3 + £), 



(1 + l/WI 2 ) 2 

= 1 - 2 r 2 (1 - cos + 09) + (30 r 3 - 4 r 4 cos + 09 + 60 r 5 cos + 09) 

+ e + 2 e r 2 cos + cp, 
< 1 - 2 r 2 (1 - cos + 09) + 31 r 3 + 2 e. 



□ 
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Thus 

W\ 2 (z) < 1 - 2r 2 (1 - cos + if) + 531 r 3 + (2 ^ + ~)v^, 
< 1 - 2 r 2 (1 - cos + y?) + 600 r 3 + ^/e. 

□ 

The following proposition is the conclusion of Section l5~Tl 

Proposition 5.9. Let D be a circular sector of radius r$ and angle tt/2 centered at 
the origin in the complex plane, i.e., 

D = {r e^ 19 E C | < r < r , a < 9 < a + tt/2 } for some aeR. 

Then 

— i— / |d/| 2 ^<l-ir 2 + v ^<l-10- 30 . 
vol(.D) J D 4 

Proof. From Proposition 15.81 

— i— / \df\ 2 dxdy<l + VS~— 2 — [ r 2 (l-cos+(20-0 1 + 3 )) + -^ h 
vo\{D) J D vo\(D) J D vol(D) J L 

Since vol(D) = vrrg/4, 



r . 

D 



r 3 = — K / r 4 dr d6 = - r 3 , 



vol(D)J D 7rr 2 7 ' J a " " 5' ' 

ra+w/2 



— — - / r 2 (1 - cos+(20 - ^ + 3 )) = — / r 3 dr / (1 - cos+(20 -B x + 6 3 ))d6, 

2 ra+w/2 

= -± / (1 - cos + (20 - 0i + 3 )) d0. 

Jo 



Setting ip := 29 - 6 1 + 9 3 and /3 := 2a - 9 X + 9 3 , we have 

„2 ra+w/2 2 r/3+TT 



2 pa+TT/z 2 rp+TT 

-W (1 - cos + (20 - 0! + 3 )) d9=^ (1 - cos + tfy>, 

>.Jl/ (1-COS+ ip) dip, 

27T J.^/a 



-tt/2 
° l 2 7T' 



Thus 



^— / |df| 2 da;d 2 /<l + v^-(l--)r 2 + 240r l 

VOl(-D) J D 7T 



< 1 + v^-^r 2 + 240r 3 , 
<l-^ 2 + v ^. 
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Since r = 1(T 10 and e = 1(T 100 , 

1 2 r i 10_20 
I r o + V^=l-- 4 

□ 



1 - t + = 1 — + 1(T 50 < 1 - 1(T 30 



5.2. Proof of Theorem II. 4L Let f(z) be a meromorphic function in the complex plane 
which satisfies 

\df\{z)<l for all z eC. 

Here we don't suppose the condition (|2U]) is satisfied. 

The following argument is similar to the argument in Section l2~2l First we establish a 
result on small squares. 

Proposition 5.10. Let K be a square of length of side 2r in the complex plane. Then 
we have 



^— J^\df\ 2 dxdy < 1-e. 



vol(K) 

Proof. If \df\(z) < 1 — e for all z G K, it is obvious that 

' \df\ 2 dxdy < (1 -e) 2 < 1 - e. 



vo\(K) JK 

Hence we can suppose that there is a point zo G K such that \df\(zo) > 1 — e. Since the 
length of side of K is 2r , there is a circular sector D of radius r and angle 7r/2 centered 
at zq such that D <Z K. Because we have the Euclidean symmetry on the complex plane 
and the complex projective line is also a homogeneous space, we can suppose z = 
and f(z Q ) = 0. Then f(z) satisfies the condition (J2T?|) . Applying Proposition 15.91 to this 
situation, we get 

(22) — i— / |#| 2 ^<l-l(n 30 . 

voi{U) j D 

From vo\(K) = Ar 2 , and vol(-D) = nr 2 ,/^ 

VO\(D) _ 7T 

vol(AT) ~ 16' 

Using ((21 and \df \ < 1, we get 

^ |<i/| 2 (ixcfo/ = — — — r • — / |<if | 2 c?X(i?/ H / |cZf| 2 cZarcZj/, 



vol(AT) 7 X 1 "" * vol(ir) vol(D) J D 1 y vol(ir) 



jst\d 



vol (A) vol(i\J 

= 1 _ JL . lO" 30 , 
16 

< 1 - lO" 100 = 1-8. 

□ 



26 



MASAKI TSUKAMOTO 



Proof of Theorem 11.41 We prove the theorem by packing squares of length of side 
2ro in the disk A(R) = {z G C | \z\ < R}. If we consider a tiling of the complex plane by 
squares of length of side 2r , the disk A(R — 2v / 2r ) is covered by the squares contained 
in A(R). And we can use the estimate of Proposition 15. l()l on each squares of the tiling. 

Then the rest of the arguments are the same as the proof of Theorem 12.51 We omit the 
details. □ 

6. HOLOMORPHIC CAPACITY AND THE NEVANLINNA THEORY 

In this section we prove Theorem 11.81 by using the Nevanlinna theory. In Section 6.1 
we review some basic facts on the Nevanlinna theory in one variable. In Section 6.2 we 
establish preliminary estimates. In Section 6.3 we give the description of the holomorphic 
curves in the complement of hyperplanes and prove Theorem 11.81 

We use the Fubini-Study metric restricted to CP™ \ (H U ■ • ■ U H n ) as the metric on it. 

6.1. Review of the Nevanlinna theory. We set 

log + x = max(logx, 0) for all x > 0. 

For a meromorphic function f(z) in the complex plane, we define the Shimizu-Ahlfors 
characteristic function T(r, /) by 

T{r,f):= f ^ [ fu FS forallr>l. 

Jl 1 J\z\<t 

Here ujps is the Fubini-Study metric form on the complex projective line defined by ©. 
We also define m(r, /) by 

m(r, /) := — / log+ \f{z)\d6 = — [ log + \f(re V ^ le )\d6 for all r > 1. 

2?r J\z\=r 27r Jo 

Here (r, 8) is the polar coordinate in the complex plane. 

The following facts are standard in the Nevanlinna theory in one variable. 

Fact 6.1. Let f(z) be a holomorphic function in the complex plane. Then 

T(r,f)=m(r,f) + 0(1), (r - oo). 

Fact 6.2. Let f(z) be a holomorphic function in the complex plane. f(z) becomes a 
polynomial if the following condition is satisfied: 

. f m(rJ) 

limmt — ■ < oo. 

i — »oo logr 

Fact 6.3 (Nevanlinna's lemma on the logarithmic derivative). For a meromorphic func- 
tion f(z) in the complex plane, there are a positive constant C and a Lebesgue measurable 
set E C [1, oo) with a finite measure such that 

m(r, f'/f) < C(\og + T(r, /) + logr) for all r 6 [1, oo) \ E. 
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Remark 6.4. Actually, the above results are special cases of more general and stronger 
theorems. 

We also need the following easy lemma. 

Lemma 6.5. Let g(z) be a polynomial of degree n > 1. Set f(z) := e 9 ^ z \ Then we have 
positive constants r and C such that 

iri(r, f) > Cr n for all r > r . 

Proof. Let g(z) = a z n + a\z n ~ l + ■ ■ ■ + a n with a ^ 0. Using the rotation of the 
coordinate, we can suppose that a is a positive real number. We have a positive constant 
C\ such that 

\a lZ n ~ l + a 2 z n ~ 2 + ■ ■ ■ + a n \ < dr"' 1 , (r > 1). 

Hence 

Re(g(z)) = a r n cosn9 + Re(aiZ n_1 H h a n ), 

> a r n cos n6 - dr" -1 , (r > 1). 

From |/(2)| = e Kc{ ^\ 

log + |/(2)| > Re(g(z)) > a r n cosn6 - dr" -1 , (r > 1). 

Then 

r n/2n 



^J lzl=r iog+if(z)id9 -^£ " iog+|/( 



re^- w )\d6, 



>^!_ / cosned9 -^± r n-l 

~ 2tt J 4n 
-^-^r-- 1 , (r>l). 



2nn An 

Thus we have positive constants r and C such that 

m(r, f) > Cr n 1 (r > r ). 



□ 



6.2. Preliminary estimates. For a meromorphic function f(z) in the complex plane, 

f*u FS = \df\ 2 dxdy = - ' dxdy. 

7T (1 + \f{z)\ 2 ) 2 

Lemma 6.6. Let a and b be complex numbers and set f(z) := e az+b . Then we have a 
positive constant C such that 

I \df\ 2 dxdy<Cr for all r > 0. 

J\z\<r 
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Proof. If a = 0, the statement is trivial. Hence we can suppose that a ^ 0. Using 
the rotation of the coordinate, we can also suppose that a is a positive real number. Set 
P := Re (b). Then we have 



W\\z) = 



a 2 e 2ax+2/3 

— ( 1 + e 2ax+2/3)2- 



Thus 



/r poo 
dy I dx 
■r J — oo 



fl 2 e 2ax+2/3 



|,|<r ' y -J-r "J-oo VT (1 + 6^+2/3)2' 

2a 2 r r e 2ax+2(} 

dx, 



it J_ 00 (l + e 2ax + 2 ?) 2 
ar 



IT 



□ 



For a Lebesgue measurable set E in R, we denote its Lebesgue measure by \E\. 



LEMMA 6.7. Let a, b, c be complex numbers with a ^ 0, and set f(z) := e az2 + bz + c . Then, 
for any positive number e, we have a open subset E in [0, 2tt] with \E\ < e such that 



/ d6 \df\ 2 (re^ e )rdr < oo. 

J\0,2tt]\E Jo 



'[0,2tt]\E 

Proof. Using the rotation of the coordinate, we can suppose that a is a positive real 
number. From f(z) = (2az + b)f(z), we have 

1 |202 + 6||/(2)| 



\f(z)\ = exp(Re(a^ 2 + bz + c)). 



We define E C [0, 2vr] by 



/ IT 5 it 5\ ( 3tt 5 3tt S 

/5tt 5 5tt 5\ /7tt 5 7tt 5 
U (--2'T + 2j U (--2'- + 2 

Here 5 is a sufficiently small positive number such that \E\ — 45 < e. Then, we have 

| cos 20 1 > sin 5 for all G [0, 2tt] \ £?. 

(i) If cos 29 > sin 5, we have 

Re(a,2 2 + bz + c) = ar 2 cos 29 + Re (bz + c), 
> a(sin<5)r 2 — \b\r — \c\. 
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Hence 

J_ \2az + b\\f(z)\ 

l/Kj -v^ \m\ 2 ' 

< -^-=(2ar + |6|) exp(-Re(az 2 + bz + c)), 

'7T 



< -^(2ar + |o|)exp(-a(sin5)r 2 + |6|r+ \c\ 
Jit 



(ii) If cos 2$ < — sin 5, we have 

Re(az 2 + 6* + c) = ar 2 cos 26> + Re(bz + c), 
< — a(sin<5)r 2 + |6|r + |c|. 



Hence 



|d/|(z)<^|2az + &||/(z)|, 



7T 

1 



< -^={2ar + |6|) exp(Re(az 2 + bz + c)), 
V 71 " 

< -^(2ar + |o|)exp(-a(sin5)r 2 + |6|r+ |c| 
Jit 



Therefore we get 



\df\(re^ e ) < -^=(2ar + |6|) exp(-a(sin 5)r 2 + \b\r + |c|) if e [0, 2it] \ E. 
Jit 

Thus we have a constant C independent of 9 such that 

|d/| 2 (re^ W ) raV < C for all G [0, 2tt] \ E. 



It follows that 

f oo 



/ del \df\ 2 {re^ e ) rdr < 2nC < oo. 

i[0,27r]\£ JO 



□ 



6.3. Holomorphic curves in the complement of hyperplanes. We define the n + 1 
hyperplanes P , Pi, ■ ■ ■ ,P n in CP n by 

^ : Zi = 0, (0 < % < n). 

Here [zo, z\, - ■ ■ , z n ] is the homogeneous coordinate of CP™. Then 

(23) CP™ \ (P U • • • U P n ) = { [1 : Zl : z 2 : • • • : z n \ \ z t ^ 0, (1 < i < n)} = (C \ {0})". 

The following proposition is proved in [BD, Appendice]. 

Proposition 6.8. Let f : C — > CP n \ (P U • • • U P„) &e a holomorphic map with 
\W\\oo < 00 • ^ en ; ^ere are complex numbers di and h, (1 < i < n) , such that 

f(z) = [ 1 : exp(aiz + 61) : exp(a 2 £ + 6 2 ) : • • • : exp(a„z + &„)]. 
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PROOF. 3 From (|2*3)l . we have holomorphic maps : C — > C \ {0}, (1 < i < n), such 
that 

f(z) = [l:f 1 (z):f 2 (z):---:f n (z)}. 

Since exp : C — > C \ {0} is the universal covering, there are holomorphic functions gi(z) 
in the complex plane such that fi{z) = exp(gi(z)), (1 < i < n). We will prove that all 
gi(z) are linear functions. The proof falls into three steps. First we prove that gi(z) are 
polynomials. Next we show deg(gi(z)) < 2. In the last step we prove deg(gi(z)) < 1. The 
arguments in the first and second steps are standard. The last step is a little tricky. 
Set m := [dfloo- Here \df\ 2 = ^Alog(l + ^ \ fi\ 2 ). Using Jensen's formula, we get 

(24) 



Hence 



/ log(l + y2\f l \ 2 )d9= f ^ / \df\ 2 dxdy + const, 



< I — I m 2 dxdy + const, 



Since we have 



it follows that 



1 t J\ z \<t 

< -m 2 ixr 2 + const. 

i 



log+ \f t \ = - log + |/,| 2 < - log(l + \h\ 2 + ■ ■ ■ + I/, 



, 2 ) 



(25) 

From Fact 16.11 we get 



m{r. 

1 



< —m 2 7tr 2 + const. 



T(r, fi) < -m 2 nr 2 + const'. 
2 



Fact IOI gives 

m(r,^) =m{r,f'Jf i ) < C(log + T(r, f\)+ log r), 

< const • logr + const for all r G [1, oo) \ E. 



3 This proof is less conceptual than the proof in [BD] . But the author think that our proof also contains 
some interesting arguments. 
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Here E is a Lebesgue measurable set in [1, oo) with a finite measure. It follows that 

. ,m(r,0<) 
hmmf — ■ < oo. 

r^oo logr 

From Fact 16 .2( this shows that <7;(z) is a polynomial. Hence is also a polynomial. 

Next we will prove deg(gi(z)) < 2. Suppose, for example, deg(gi(z)) > 3. From Lemma 
16.51 and the estimate of m(r, fx) in (|25jh we have a positive constant Ci such that 

Cir 3 < m(r, /1) < -m 2 7rr 2 + const, (r ^> 0). 

This is obviously impossible. Hence deg(<7j(2:)) < 2, (1 < i < n). 

Finally we will prove deg(#j(Y)) < 1. Suppose, for example, &eg(g\(z)) = 2. From 
Lemma [6.5[ we have positive constants r and Ci such that 

m(r, /1) > C 2 r 2 , (r > r ). 

From flUD and (jUJ), 

C 2 r 2 < m(r, /1) < ^ jf ^ log f 1 + E l/'I'l ^' 

= / — / |<i/| 2 rfxc??/ + const, (r > r ). 
A * </|z|<< 



(26) 



From the definition of the Fubini-Study metric 



(27) 



7T 
1 

< - 

71 

1 

71 



'12 



+ 



E^l^-^l 2 !^! 2 !/:- 12 



(i + EJ/,1 2 ) 2 

V ^ +T 

2 ^(i + \f,\ 2 ) 2 z - 



i/;i 2 





4 


Wl/il 2 


(l/il 2 +l/i 


2 ) 2 



E IJ.I , _l(/i//j)'l 2 
(i + lf.1 2 ) 2 4^fi 



2ui ' ^a + l^l 2 ) 2 . 



Because = exp(gi(z)), fi(z)/ fj(z) = exp(gi(z) — gj(z)), and the degrees of gi(z) and 
gi(z) — gj(z) are at most two, we can apply Lemma [6.61 and Lemma [6.71 to holomorphic 
functions fi(z) and fi(z)/ fj(z). Hence there are positive constants C 3 , C 4 and a open set 
F C [0,2tt] with |F| < 2C 2 /m 2 such that 



/ d9 [ \df\ 2 {re^ e ) rdr < C 3 t + C 4 . 

J[0,2n]\F JO 
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Then we have 

\df\ 2 dxdy = I dO I \df\ 2 {re V ^ Te )rdr + [ dd [ {df^re^^rdr, 
'\z\<t Jf Jo J[o,2n]\F Jo 

< [ d6 [ m 2 rdr + C 3 t + C 4 , 
Jf Jo 

= ^-f^t 2 + C 3 t + c 4 , 

< c 2 t 2 + c 3 t + c 4 . 



Substituting this into (J2EJ), we get 



C 2 r 2 < -^-r 2 + C 3 r + C^logr + const, (r > r ). 
This is impossible. Thus we conclude that all gi(z) are linear functions. 



□ 



Proposition 6.9. Let f : C — > CP n \ (P U • • • U P„) be a holomorphic map with 

limsup — ^ / |(i/| 2 cfeofa/ = 0. 



R^oo 



nR 2 



\z\<R 



Proof. From (1771) . 



W < 



7T 



V Jf_ 

^(l + l/.l 2 ) 2 



«<7 



(i + l/^l 2 ) 2 



Since = exp(gj(,z)) and fi(z)/ fj(z) = exp(gt(z) — gj(z)) with linear functions gt(z) 
and g%(z) — gj(z), we can apply Lemma IB~6l and get 



\df\ 2 dxdy < CR. 



\z\<R 



Here C is a positive constant. Thus 

lim sup 



C 



, \df\ dxdy < lim — - = 0. 
fi-W nR z J\ Z \< R R^°° 7rR 



□ 



Proof of Theorem 11.81 Using the defining equations of Hi in (JTTJl . we define a 
biholomorphic map A : CP n — > CP n by 



A([zb : *i : • • • : zj) := 



Oij^j : • • • 



^nj Zj 



A gives a biholomorphic map from CP n \ (H U ■ ■ ■ U H n ) to CP™ \ (Po U • • • U P n ). Since 
A and A~ Y are defined on the compact set CP n , we have a constant C such that 



\dA(u)\ < C\u\ and |dA _1 («)| < C\u\ for all u £ TCP n . 
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Let / : C -> CP" \ (H U • • • U H n ) be a holomorphic map with \df < 1. Then Af 
is a holomorphic map from C to <CP n \ (Pq U • ■ ■ U P n ) with < C < oo. Since 

/ = A' 1 o Af, Proposition 16.91 gives 

If C 2 f 

p(f) = limsup — - / \df\ 2 dxdy < limsup — - / \d(Af)\ 2 dxdy = 0. 

R-^oo T^ti J\ Z \< R fi^oo T^ti J\ Z \< R 

Thus we conclude that 

p(CP n \(H U---UH n )) = 0. 

□ 
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